
Motion in 3D

¥ Motion in all 3 dimensions → Displacement relative to
origin is

¥ Motion is now described by  r(t ) , i.e.  by three functions
x (t ), y (t ), z (t ).

  
r r = x ˆ i + y ˆ j + z ˆ k 



Average Velocity

¥ Average Velocity:

¥ Example 1: Motion in a straight line
¥ Example 2: Motion in a circle
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Instantaneous Velocity

¥ Limit of average velocity for infinitesimally small time intervals:

¥ Completely specified by magnitude

 (= speed) and direction.
¥ Example 1:

Linear motion
¥ Example 2: Circular motion
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Average Acceleration

¥ Same general idea:

¥ NOTE: Depends on the vector difference between v(t 1)
and v(t 2), not on the position (remember: vectors can be
Òmoved aroundÓ). Does not generally have to be in the
direction of motion!
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Instantaneous Acceleration

¥ Limit of average acceleration for infinitesimally small time intervals:

¥ Examples:
- Car speeding up:  a  is parallel to  v
- Car slowing down: a  is antiparallel to  v - Car turning left: a  points
sideways (left)
- Car turning right: a  points sideways (right)

¥ Can have  a ! 0 even if speed is constant!
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Important Rules for Problem Solving

¥ Distinguish carefully between average and instantaneous
quantities (velocity, acceleration). Watch out for change of
speed vs.  change of velocity: |a| ! d|v|/dt

¥ Distinguish carefully between position (displacement),
velocity, and acceleration.

¥ Remember: v  points in the direction of a change of  r , and
a  points in the direction of a change of v ! If  a  points
along v , the speed changes. If  a  points perpendicular to  v ,
direction changes.

¥ You can treat the 3 components of the motion x (t), y (t)
and z (t)  separately in many cases.



Motion in a circle

¥ | a |  =  const.,  a  points perpendicular to  v
=>  speed  | v |  is constant.

¥ d v  = a dt  (perpendicular to  v )
¥ dφ  = |d v  | / | v | = |a dt  | / | v |

¥  ω = dφ / dt  = |a | / | v |  = const.  =>
|a | = ω | v |

¥ Full circle: Distance traveled is
D = 2"  R = | v | T  =>  ω = 2" / T = | v | / R

¥ |a | = v 2 / R = ω 2  R
Direction towards center of circle  =>
centripetal acceleration  arad



Projectile Motion

¥ 3D motion in EarthÕs gravitational field

¥ Neglect air resistance/friction/energy loss

¥ Motion occurs within a plane:
Call horizontal part of initial velocity  vx0

Call vertical part of initial velocity  vy0

Set z 0  = 0.
¥ Motion described by

 i.e.  by two  functions x (t), y (t);
z (t) = 0 by definition.

  
r r (t ) = x(t)

) 
i + y(t)ö j + 0 ö k 



Basic Equations

¥ We can treat the horizontal part x(t)
of the motion independently from vertical part y(t).

¥ Horizontal equations:
ax(t) = 0 ; vx(t) = vx0 = |v0| cos α 0;
x(t) = x0 + vx0 t

¥ Vertical equations:
ay(t) = -g  ;
vy(t) = vy0 -gt = |v0| sin α 0 -gt
y(t) = y0 + vy0 t  - 1/2 gt 2



Examples I

¥ Example 1:
Horizontal launch
|v0| = 9 m/s ;  α0 = 0o ;
x0 = 0 m ;  y0 = 150 m
=>  t impact ? v impact ? x impact ?

¥ Example 2:
Maximum range for launch on ground
|v0| arbitrary ;  α 0 = ? ;
x0 = 0 m ;  y0 = 0 m .
=>  t impact ? x impact ?
Maximum for which α 0  ?



Examples II

¥ Cart moving with constant horizontal velocity: Will ball
fall back into launcher?

¥ Cart moving with horizontal acceleration: Will ball fall
back into launcher?

¥ Cart moving down an incline:  Will ball fall back into
launcher?



WHY?

¥ Choose x-axis along ramp

¥ x-components of acceleration and velocity are equal

¥ Motion in y is independent
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Important Hints for Problem Solving

¥ ItÕs safest to write down the motion independently for x
and y components

¥ Get up to 4 equations to solve for unknowns
¥ Use algebra as long as possible
¥ ItÕs not always the best choice to have x horizontal
¥ Use ÒredefinitionÓ trick (t  -> t1 ) to investigate a trajectory

Òpiece by pieceÓ


