
Momentum

• Review of observables we have introduced so far:
– Kinematic observables (descriptive):

time t , position  r , velocity  v , acceleration  a
– Dynamic observables (explanatory):

force  F , Work  ! W

– Conserved quantities:
Total (mechanical) energy  E  = K.E. + U

• Conserved quantities are useful to analyze situations
without regarding all the details (simplify calculations).

• New conserved quantity:
Momentum  p . Definition:   

r p = m r v = (mvx ,mvy ,mvz )



Why...

• …do we define it that way? We’ll see in a minute.
• … is it conserved? We’ll see a little bit later. (Hint:

momentum of a  single  object is  not  necessarily
conserved, only momentum of a  closed  system ).

• NOTE: Conservation of momentum is often applied in
different situations than conservation of energy:
– Single object under the constant influence of a conservative force:

Use conservation of energy
– Two or more objects interacting with each other over a short time

period: Conservation of momentum
– BUT: Sometimes can apply both!



Newton’s 2nd Law - again

•  "  F = m a = m dv /dt  = d(m v )/dt  = d p /dt   =>
• Any change in momentum must be due to a force acting on object
• Change is proportional to amount of force and duration of its presence:

– Constant force  =>
!  p = p 2 - p 1 = "  F . ! t

– Force varying over time  =>
!  p = ∫t1

t2 "  F  dt

– Average Force:
"  F ave = !  p / ! t

– Call change of momentum “ Impulse”  J
J = !  p = ∫t1

t2 "  F  dt = "  F ave  ! t

– Examples: Hammer hitting nail, foot hitting soccer ball, …



Comparison Momentum - Energy

• Momentum

– Vector
– Conserved if no external  force

present
– Larger for larger mass (for a

given K.E.)
– Change due to Impulse:

! p = J = F ave ! t

– “Force times Time”

• Energy

– Scalar
– Conserved if no external force

present
– Smaller for larger mass (for a

given p )
– Change due to Work:

!  E  = ! W  = F ave ! s ||

– “Force times Distance”
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Conservation of momentum

• Define system of objects (particles)
– Example: 2 particles with masses m 1 and m 2

• Internal forces: Acting only  between  particles in the
system  (one particle acting on another)
– Example: Particle 1 bouncing off Particle 2

• No  other ( external ) forces (all forces are generated by
particles  in  the system)

• => Total momentum "  p = p 1 + p 2 + …
of the system is conserved
– Example: m 1 v 1 + m 2 v 2 = const.; even if velocities change size

and direction after each bounce. Why? Newton’s 3rd Law!



Proof (for 2 particles)

• Action = - Reaction =>
F net on B = F A on B = - F B on A = - F net on A
=>  d p B /dt  = - d p A /dt
=> d (p B +p A ) /dt  = 0

• Note: Vector equation => Three independent equations:
– m1 v1 x i + m2 v2 x i = m1 v1 x f + m2 v2 x f
– m1 v1 y i + m2 v2 y i = m1 v1 y f + m2 v2 y f
– m1 v1 z i + m2 v2 z i = m1 v1 z f + m2 v2 z f

• Examples:
– Ice skaters giving each other “ high five”
– Rifle recoil
– Rocket propulsion
– Ball hitting brick wall vs. styrofoam



Collisions

• Two bodies colliding => force between them may be
– conservative (total energy conserved) =>  elastic  collision
– dissipative (energy lost to thermal motion etc.) =>  inelastic

collision

• Either way, total momentum is conserved (as long as no
external  force is present)

• Motion along straight line: once we know both initial
velocities and  one  final one, we can calculate the other:
m1 v1x i + m2 v2x i = m1 v1x f + m2 v2x f     =>
v2x f = (-m1 v1x f + m1 v1x i + m2 v2x i) / m2



Collisions cont’d

• NOTE: impulse on first mass is
J1x  = m1 v1x f - m1 v1x i = p1x f - p1x i
Impulse on second mass is
J2x  = m2 v2x f - m2 v2x i = p2x f - p2x i
Momentum conservation: J2x  = - J1x

• More than one dimension: Look at each component
individually (chunks of ice
example):
v2x f = (-m1 v1x f + m1 v1x i + m2 v2x i) / m2
v2y f = (-m1 v1y f + m1 v1y i + m2 v2y i) / m2



Completely Inelastic Collisions

• Inelastic collision: some energy is lost (dissipated).
Examples: Traffic accidents, “flat” tennis ball, putty…
really ALL collisions (bouncing ball looses height)

• Completely  inelastic collisions: Both partners “stick
together” afterwards
– Gives one more equation to be satisfied:

v2x f  = v1x f
– Can predict outcome even if only  initial  momenta are known. =>
– m1 v1x i + m2 v2x i = (m1 + m2 ) v x f
– Example 1: Moving glider bumps into glider at rest
– Example 2: SUV bumps into compact car with equal speed but at

right angle



Completely Elastic Collisions

• Total energy (K.E.) is conserved during collision (hard spheres, springs,
…)

Eliminates  one  unknown:
– Purely linear motion: only need to know initial momenta (ptot i = p1 i + p2 i):

p2 = 2m K.E.  => p2 f
2
  / 2m2 = K.E.i - p1f 

2 / 2m1
 = K.E.i - (ptot i - p2f )2 / 2m1

– Motion in a plane: need to know initial momenta and one angle of final
velocities

– 3D motion: Can always reduce to motion in a plane!
• Examples: Moving glider bouncing off second one; Newton’s cradle;

“stack of balls” bounce; billiards at 45 degrees.
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Center of Mass

• Definition:
Mass-weighted average position of system

• Velocity of the Center of Mass:

• IF no external forces #  Conserved Quantity! VCM = Ptot / M

• RCM (t) = RCM (0) + (Ptot / M) t
• External Forces: d2RCM(t) / dt 

2= Fext net
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Examples
• Walking in a boat initially at rest:

m1 ! x 1 = - m2 ! x 2

• Exploding fire cracker
• Elastic collision in the center of mass:

– Find velocity VCM of CM
– Use new reference system moving with VCM
– In that new system: m1 v1 = - m2 v2
– After an elastic collision:

m1 v1 f = - m2 v2 f  and
m1/2 v1 f

2  + m2/2  v2 f
2 = m1/2 v1 i

2  + m2/2 v2 i
2

– Only possible solution:
|v1 f | = |v1 i | , |v2 f | = |v2 i |

– One dimension: v1 f = -v1 i ,  v2 f = -v2 i
– Back in original system of reference:

v1 f = VCM - (v1 i -VCM ),  v2 f = 2VCM - v2 i


